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1 Introduction
In this paper we smdy the stability of a time-periodic parallel flow to the compressible Navier-
Stokes equation with time-periodic extemal force and time-periodic boundary conditions.
We consider the system of equations
$\partial_{\overline{t}}\tilde{\rho}+div(\overline{\rho v})=0$ , (1.1)
$\tilde{\rho}(\partial_{\check{t}^{\tilde{U}}}+\tilde{v}\cdot\nabla\overline{v})-\mu\Delta\tilde{v}-(\mu+\mu’)\nabla div\tilde{v}+\nabla\overline{P}(\tilde{\rho})=\overline{\rho g}$ , (1.2)
in an $n$ dimensional infinite layer $\Omega_{\ell}=\mathbb{R}^{n-1}\cross(0, \ell)$ :
$\Omega_{\ell}=\{\tilde{x}=^{T}(\tilde{x}’,\tilde{x}_{n});\tilde{x}’=^{T}(\tilde{x}_{1}, \ldots,\tilde{x}_{n-1})\in \mathbb{R}^{n-1},0<\tilde{x}_{n}<l\}.$
Here, $n\geq 2;\tilde{\rho}=\tilde{\rho}(\tilde{x},\tilde{t})$ and $\tilde{v}=\tau(\tilde{v}^{1}(\tilde{x},\tilde{t}), \ldots,\tilde{v}^{n}(\tilde{x},\tilde{t}))$ denote the unknown density and
velocity at time $\tilde{t}\geq 0$ and position $\tilde{x}\in\Omega_{\ell}$ , respectively; $\tilde{P}$ is the pressure, smooth function of
$\tilde{\rho}$, where for given $\rho_{*}>0$ we assume
$\tilde{P}’(\rho_{*})>0$ ;
$\mu$ and $\mu’$ are the viscosity coefficients that are assumed to be constants satisfying $\mu>0,$ $\frac{2}{n}\mu+$
$\mu’\geq 0;div,$ $\nabla$ and $\Delta$ denote the usual divergence, gradient and Laplacian with respect to $\tilde{x}.$
In (1.2) we assume $\tilde{g}$ to have the form
$\tilde{g}=^{T}(\tilde{g}^{1}(\tilde{x}_{n},\tilde{t)}, 0, \ldots, 0,\overline{g}^{n}(\tilde{x}_{n}))$ ,
with $\overline{g}^{1}$ being $\tilde{T}$-periodic function in time, where $\tilde{T}>0$ . Here and in what follows $T$ denotes
transposition.
The system $(1.1)-(1.2)$ is considered under boundary condition
$\tilde{v}|_{\tilde{x}_{n}=0}=\tilde{V}^{1}(t)e_{1}, \tilde{v}|_{\tilde{x}_{n}=\ell}=0$ , (1.3)
and initial condition
$(\tilde{\rho},\tilde{v})|_{\tilde{t}=0}=(\tilde{\rho}_{0},\tilde{v}_{0})$ , (1.4)
where $\tilde{V}^{1}$ is a $\tilde{T}$-periodic function of time. Here, $e_{1}=\tau(1,0, \ldots, 0)\in \mathbb{R}^{n}.$
Under suitable conditions on $\tilde{g}$ and $\tilde{V}^{1}$ , problem $(1.1)-(1.3)$ has a smooth time-periodic
solution $\overline{u}_{p}=T(\overline{\rho}_{p},\overline{v}_{p})$ satisfying
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$\overline{\rho}_{p}=\overline{\rho}_{p}(\tilde{x}_{n})\geq\underline{\tilde{\rho}}, \frac{1}{\ell}\int_{0}^{\ell}\overline{\rho}_{p}(\tilde{x}_{n})d\tilde{x}_{n}=\rho_{*},$
$\overline{v}_{p}=\tau(\overline{v}_{p}^{1}(\tilde{x}_{n},\tilde{t)}, 0, \ldots,0), \overline{v}_{p}^{1}(\tilde{x}_{n},\tilde{t}+\overline{T})=\overline{v}_{p}^{1}(\overline{x}_{n},\tilde{t)},$
for a positive constant $\tilde{\underline{\rho}}.$
We are interested in large time behavior of solutions to problem $(1.1)-(1.4)$ when the initial
value $(\overline{\rho}_{0}, \overline{v}_{0})$ is sufficiently close to the value of time-periodic solution $\overline{u}_{p}=\tau(\overline{\rho}_{p}, \overline{v}_{p})$ at some
fixed time. We smdy the asymptotic behavior of these solutions with respect to the time-periodic
solution $\overline{u}_{p}.$
In the case $\tilde{g}^{1}$ and $\tilde{V}^{1}$ are independent of $t$ , problem $(1.1)-(1.3)$ has a stationary parallel
flow. The stability of stationary parallel flows were investigated in [5, 6, 7, 9].
Iooss and Padula ([5]) studied the linearized stability of a stationary parallel flow in a cylin-
drical domain under the perturbations periodic in the unbounded direction of the domain. It
was shown that the linearized operator generates a $C_{0}$-semigroup in $L^{2}$-space on the periodic
box under vanishing average condition for the density-component. In particular, if the Reynolds
number is suitably small, then the semigroup decays exponentially. Furthermore, by using the
Fourier series expansion, it was shown that the semigroup is decomposed into a direct sum of an
analytic semigroup and an exponentially decaying $C_{0}$-semigroup, which correspond to low and
high frequency parts of the semigroup, respectively. It was also proved that the essential spec-
mm of the linearized operator lies in the left-half plane strictly away from the imaginary axis
and the part of the spectmm lying in the right-half to the line $\{{\rm Re}\lambda=-c\}$ for some number
$c>0$ consists of finite number of eigenvalues with finite multiplicities.
The stability of stationary parallel flows in the infinite layer $\Omega$ under the perturbations in
some $L^{2}$ -Sobolev space on $\Omega$ were studied in [6, 7, 9]. By using the Fourier transform in $x’$ , it
was shown in [9] that the linearized problem generates $C_{0}$-semigroup with low frequency part
behaving like $n-1$ dimensional heat kemel and the high frequency part decaying exponentially
as $tarrow\infty$ , provided that the Reynolds and Mach numbers are sufficiently small and the density
of the parallel flow is sufficiently close to a positive constant. The nonlinear problem was then
studied in [6, 7]; it was shown that the stationary parallel flow is asymptotically stable under
sufficiently small initial perturbations in $(H^{m}\cap L^{1})(\Omega)$ with $m\geq[n/2]+1$ . Furthermore,
the asymptotic behavior of perturbations from the stationary parallel flow is described by $n-$
$1$ dimensional linear heat equation in the case $n\geq 3$ ([6]) and by one-dimensional viscous
Burgers equation in the case $n=2$ ([7]).
Whereas [9] are concemed with the stability of the stationary parallel flows, in [4] the dif-
fusive stability of oscillations in reaction-diffusion systems is treated. $A$ similar asymptotic
state arises in the large time dynamics around spatially homogeneous oscillations in reaction-
diffusion systems ([4]).
Result presented in this paper is an extension of previous results on the stationary case
[6, 7, 9] to the case of time-periodic extemal force and time-periodic boundary conditions.
Problem $(1.1)-(1.4)$ with $\tilde{g}=(\overline{g}^{1}(x_{n}, t), 0, \ldots, 0, \overline{g}^{n}(x_{n}))$ and $\tilde{V}^{1}(t)$ covers particularly
interesting problem. $L_{\sim^{e}}t$ us for a moment consider problem $(1.1)-(1.4)$ together with $\tilde{g}=$
$(0, \ldots, 0, \tilde{g}^{n}(x_{n}))$ and $V^{1}(t)$ . This problem is a natural extension of Stokes’ second problem
from half space to infinite strip for compressible fluid. The motion of a fluid is caused by the
periodic oscillation of the lower boundary plate. The study of the flow of a viscous fluid over an
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oscillating plate is not only of theoretical interest, but it also occurs in many applied problems
and since Stokes (1851) it has received much attention under various settings.
This paper is organized as follows. In the rest of Section 1 we present the existence of
the time-periodic parallel flow $\overline{u}_{p}$ , introduce the goveming equations of the perturbations from
$\overline{u}_{p}$ and nondimensional form of these equations. At the end we show some properties of the
underlying nondimensional parallel flow $u_{p}$ . In Section 2 we focus on the linear problem, i.e.,
we neglect nonlinearities. We introduce spectral properties of the solution operator for the linear
problem and later develop a Floquet theory for certain part of the solution. Finally, in Section 3
we introduce the results on the nonlinear problem.
1.1 Existence of parallel flows
Let us state the conditions, under which the time-peridic parallel flow $\overline{u}_{p}=\tau(\overline{\rho}_{p},\overline{v}_{p})$ exists.




Let $\rho_{*}$ be the given positive number, recall that
$\tilde{P}’(\rho_{*})>0.$
We state the existence of a time-periodic solution to $(1.5)-(1.7)$ with
$\rho_{*}=\frac{1}{\ell}\int_{0}^{\ell}\overline{\rho}_{p}(\tilde{x}_{n})d\tilde{x}_{n}$ . (1.8)
Lemma 1.1 Assume that $\tilde{P}’(\overline{\rho})>0$for $\rho_{1}\leq\tilde{\rho}\leq\rho_{2}$ with some $0<\rho_{1}<\rho_{*}<\rho_{2}<2\rho_{*}$ . Let
$\Phi(\overline{\rho})=\int_{\rho*}^{\rho}\frac{\tilde{P}’(\eta)}{\eta}d\eta$for $\rho_{1}\leq\tilde{\rho}\leq\rho_{2}$ and let $\Psi(r)=\Phi^{-1}(r)$ for $r_{1}\leq r\leq r_{2}$ . Here $\Phi^{-1}$ denotes
the inversefunction of $\Phi$ and $r_{j}=\Phi(\rho_{j})(j=1,2)$ . If
$| \overline{g}^{n}|_{C([0,\ell])}\leq C\min\{|r_{1}|, r_{2}, \frac{\rho_{*}}{4\tilde{P}’(\rho_{*})|\Psi"|_{C([r_{1},r_{2}])}}\}\leq C,$




where $\tilde{A}$ denotes the unifomly elliptic opemtor on $L^{2}(0, \ell)$ with domain $D(\tilde{A})=(H^{2}\cap$
$H_{0}^{1})(0,\ell)$ and $\tilde{A}v=-\frac{1}{\overline{},\rho_{p}(x_{n})}\partial_{x_{n}}^{2}v$for $v\in D(\tilde{A})$ .
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1.2 Equations of perturbation
As the next step we linearize $(1.1)-(1.4)$ around the parallel flow $\overline{u}_{p}=T(\overline{\rho}_{p}, \overline{v}_{p})$ .
Setting $\tilde{\rho}=\overline{\rho}_{p}+\tilde{\phi}$ and $\tilde{v}=\overline{v}_{p}+\tilde{w}$ in $(1.1)-(1.4)$ we obtain the following goveming
















1.3 Goveming equations for dimensionless problem
Now, we introduce dimensionless variables and scale $(1.9)-(1.12)$ to nondimensional form.







In this paper we assume $V>0$ . Under this change of variables the domain $\Omega_{\ell}$ is transfolmed
into $\Omega=\mathbb{R}^{n-1}\cross(0,1)$ ; and $g^{1}(x_{n}, t),$ $V^{1}(t)$ are periodic in $t$ with period $T>0$ defined as
$T= \frac{V}{\ell}\tilde{T}.$
The time-periodic solution $\overline{u}_{p}$ is transformed into $u_{p}=T(\rho_{p}, v_{p})$ satisfying
$\rho_{p}=\rho_{p}(x_{n})>0, \int_{0}^{1}\rho_{p}(x_{n})dx_{n}=1,$
$v_{p}=\tau(v_{p}^{1}(x_{n}, t), 0, \ldots, 0), v_{p}^{1}(x_{n}, t+T)=v_{p}^{1}(x_{n}, t)$ .
It then follows that the perturbation
$u(t)=T(\phi(t), w(t))\equiv\tau(\gamma^{2}(\rho(t)-\rho_{p}), v(t)-v_{p}(t))$,






$(\phi, w)|_{t=0}=(\phi_{0}, w_{0})$ , (1.16)
where $f^{0}$ and $f=\tau(f^{1}, \cdots, f^{n})$ denote nonlinearities, i.e.,
$f^{0}=-div(\phi w)$ ,
$f=-w \cdot\nabla w+\frac{\nu\phi}{\gamma^{2}\rho_{p}^{2}}(-\Delta w+\frac{\partial_{x_{n}}^{2}v_{p}^{1}}{\rho_{p}\gamma^{2}}\phi e_{1})-\frac{\nu\phi^{2}}{\gamma^{2}\rho_{p}^{2}(\gamma^{2}\rho_{p}+\phi)}(-\Delta w+\frac{\partial_{x_{n}}^{2}v_{p}^{1}}{\rho_{p}\gamma^{2}}\phi e_{1})$
$- \frac{\tilde{\nu}\phi}{\rho_{p}(\gamma^{2}\rho_{p}+\phi)}\nabla divw+\frac{\phi}{\gamma^{2}\rho_{p}}\nabla(\frac{P’(\rho_{p})}{\gamma^{2}\rho_{p}}\phi)-\frac{1}{2\gamma^{4}\rho_{p}}\nabla(P"(\rho_{p})\phi^{2})+\tilde{P}_{3}(\rho_{p}, \phi, \partial_{x}\phi)$ ,





Here, $div,$ $\nabla$ and $\triangle$ denote the usual divergence, gradient and Laplacian with respect to $x$ ;
$\nu,$
$\nu’$ and il are the non-dimensional parameters:
$\nu=\frac{\mu}{\rho_{*}\ell V}, v’=\frac{\mu’}{\rho_{*}\ell V}, \tilde{v}=v+v’.$
In the rest of this paper we study the asymptotic behavior of $u(t)=T(\phi(t), w(t))$ solution
of $(1.13)-(1.16)$ .
Remark 1.2 We note that the Reynolds number $Re$ and Mach number $Ma$ are given by
$Re=v^{-1}$ and $Ma=\gamma^{-1},$
respectively.
1.4 Properties of the dimensionless parallel flow $u_{p}$
As the last step in this section, we show some regul$\dot{a}\dot{n}ty$ properties of $u_{p}(x_{n}, t)$ .
It is straightforward to calculate that $(\rho_{p}, v_{p}^{1})$ solve the following equations:
$\partial_{t}v_{p}^{1}-\frac{v}{\rho_{p}}\partial_{x_{n}}^{2}v_{p}^{1}=vg^{1}$ , (1.17)
$\partial_{x_{n}}(P(\rho_{p}))=\nu\rho_{p}g^{n}$ , (1.18)
$v_{p}^{1}|_{x_{n}=0}=V^{1}(t), v_{p}^{1}|_{x_{n}=1}=0$ , (1.19)
$1= \int_{0}^{1}\rho_{p}(x_{n})dx_{n}$ , (1.20)
Therefore, we can rewrite Lemma 1.1 as follows.
Lemma 1.3 Assume that $P’(\rho)>0$ for $\rho_{1}\leq\rho\leq\rho_{2}$ with some $0<\rho_{1}<1<\rho_{2}<2$. Let
$\Phi(\rho)=\int_{1}^{\rho}\frac{P’(\eta)}{\eta}d\eta$for $\rho_{1}\leq\rho\leq\rho_{2}$ and let $\Psi(r)=\Phi^{-1}(r)$ for $r_{1}\leq r\leq r_{2}$ . Here $\Phi^{-1}$ denotes
the inversefunction of $\Phi$ and $r_{j}=\Phi(\rho_{j})(j=1,2)$ . If
$\nu|g^{n}|_{C([0,1])}\leq C\min\{|r_{1}|, r_{2}, \frac{1}{4\gamma^{2}|\Psi"|_{C([r_{1},r_{2}])}}\}\leq C,$
then there exists a smooth time-periodic solution $(\rho_{p}, v_{p})=(\rho_{p}(x_{n}), v_{p}^{1}(x_{n}, t)e_{1})$ of (1.17)-
(1.20) satisfying
$\rho_{1}\leq\rho_{p}(x_{n})\leq\rho_{2}, |\rho_{p}-1|_{\infty}\leq C\frac{v}{\gamma^{2}}|g^{n}|_{C([0,1])},$
$v_{p}^{1}(x_{n}, t)=(1-x_{n})V^{1}(t)+ \int_{-\infty}^{t}e^{-\nu A(t-s)}\{\nu g^{1}(X_{n}, \mathcal{S})-(1-x_{n})\partial_{s}V^{1}(s)\}ds,$
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where A denotes the unifomly elliptic operator on $L^{2}(0,1)$ with domain $D(A)=(H^{2}\cap$
$H_{0}^{1})(0,1)$ and
$Av=- \frac{1}{\rho_{p}(x_{n})}\partial_{x_{n}}^{2}v$ , (1.21)
for $v\in D(A)$ . Additionally, if $\nu|g^{n}|_{C^{k-1}([0,1])}\leq\eta$, then
$|\partial_{x_{n}}^{k}\rho_{p}|_{C([0,1])}\leq C_{k}\nu|g^{n}|_{C^{k-1}([0,1])}$ for $k=1,2,$ $\ldots$
Here, $C_{k}$ are positive constants depending on $k,$ $\eta,$ $|\Psi|_{C^{k}([r_{1},r_{2}])},$ $\rho_{2}$ and being independent of $v$
and $\gamma$. In particular,
$| \partial_{x_{n}}\rho_{p}|_{C([0,1])}\leq C\frac{\nu}{\gamma^{2}}|g^{n}|_{C([0,1])},$
$|P’( \rho_{p})-\gamma^{2}|_{C([0,1])}\leq C|P"|_{C([\rho_{1},\rho_{2}])}\frac{\nu}{\gamma^{2}}|g^{n}|_{C([0,1])}.$
Next, let us introduce some higher regularity assumptions.
Assumptions 1.4 For a given integer $m\geq 2$ assume that $\tilde{g}=\tau(\tilde{g}^{1}(\tilde{x}_{n},\tilde{t}), 0, \ldots, 0, \tilde{g}^{n}(\tilde{x}_{n}))$
and $\tilde{V}^{1}(\tilde{t)}$ belong to the following spaces:
$[ \frac{m}{2}]$





It is straightforward to see that under Assumptions 1.4 dimensionless quantities $g$ and $V^{1}$ belong
to similar spaces as $\tilde{g}$ and $\tilde{V}^{1}.$
The following lemma shows higher regularity of the time-periodic parallel flow $u_{p}$ under
Assumptions 1.4.
Lemma 1.5 Let Assumprions 1.4 hold true for some $m\geq 2$ . There exists $\delta_{0}>0$ such that if
$\nu|g^{n}|_{C^{m}([0,1])}\leq\delta_{0},$
then thefollowing assertions hold true. The time-periodic solution $u_{p}=T(\rho_{p}(x_{n}), v_{p}(x_{n}, t))$ of
$(1.17)-(1.20)$ given by Lemma 1.3 satisfies
$1 \frac{m+2}{2}]$





$0<\underline{\rho}\leq\rho_{p}(x_{n})\leq\overline{\rho},$ $\int_{0}^{1}\rho_{p}(x_{n})dx_{n}=1,$ $v_{p}(x_{n}, t)=^{T}(v_{p}^{1}(x_{n}, t), 0)$ ,
$P’(\rho)>0$for $\underline{\rho}\leq\rho\leq\overline{\rho},$
$|1- \rho_{p}|_{C^{k+1}([0,1])}\leq\frac{C}{\gamma^{2}}v(|P"|_{C^{k-1}([\underline{\rho},\neg)}+|g^{n}|_{C^{k}([0,1])})$ , $k=1,$ $\ldots,$ $m,$
$|P’( \rho_{p})-\gamma^{2}|_{C([0,1])}\leq\frac{C}{\gamma^{2}}v|g^{n}|_{C([0,1])},$
for some constants $0<\underline{\rho}<1<\overline{\rho}.$
Proofs of Lemmas 1.1, 1.3 and 1.5 can be found in [1].
2 Linear problem




Here, $u=T(\phi, w);F=\tau(f^{0}, f)$ with $f=\tau(f^{1}, \cdots, f^{n})$ is the nonlineanty; and $L(t)$ is
operator of the form
$L(t)=( \nabla(_{\tilde{\gamma^{2}\rho_{p}}}^{P(\rho)}\cdot)v_{p}^{1}(t)\partial_{x_{1}} -\frac{\nu}{\rho_{p}}\triangle I_{n}-\frac{\tilde{\nu}}{\rho_{p}}\nabla div\gamma^{2}div(\rho_{p}\cdot))$
$+(\begin{array}{ll}0 0\frac{\nu}{\gamma^{2}\rho_{p}^{2}}\partial_{x_{n}}^{2}v_{p}^{1}(t)e_{1} v_{p}^{1}(t)\partial_{x_{1}}I_{n}+(\partial_{x_{n}}v_{p}^{1}(t))e_{1^{T}}e_{n}\end{array}).$
Here, $e_{n}=\tau(0, \ldots , 0,1)\in \mathbb{R}^{n}$ . Note that $L(t)$ satisfies $L(t)=L(t+T)$ .
In this section we discuss the spectral properties of the linearized problem, i.e., (2.1) with
$F=0$. These results were established in [1, 2] and we omit their proofs here. The nonlinear
problem (2.1) is treated in Section 3.
2.1 Spectral properties of the linear problem
Now, let us consider the linear problem
$\partial_{t}u+L(t)u=0, t>s, w|_{\partial\Omega}=0, u|_{t=s}=u_{0}$ . (2.2)
We introduce space $Z_{S}$ defined by
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$Z_{s}=\{u=^{T}(\phi, w);\phi\in C_{loc}([s, \infty);H^{1}(\Omega))$ ,
$\partial_{x}^{\alpha’},w\in C_{loc}([s, \infty);L^{2}(\Omega))\cap L_{loc}^{2}([s, \infty);H_{0}^{1}(\Omega))(|\alpha’|\leq 1)$ ,
$w\in C_{loc}((s, \infty);H_{0}^{1}(\Omega))\}.$
In [1] it was shown that for any initial data $u_{0}=^{T}(\phi_{0}, w_{0})$ satisfying $u_{0}\in(H^{1}\cap L^{2})(\Omega)$ with
$\partial_{x’}w_{0}\in L^{2}(\Omega)$ there exists a unique solution $u(t)$ of the linear problem (2.2) in $Z_{S}$ . We denote
$\mathscr{U}(t, s)$ the solution operator for (2.2) given by
$u(t)=\%(t, s)u_{0}.$
We study the spectral properties of the solution operator $\mathscr{U}(t, s)$ . To do so, we consider the
Fourier transform of (2.2). We thus obtain
$\frac{d}{dt}\hat{u}+\hat{L}_{\xi’}(t)\hat{u}=0, t>s, \hat{u}|_{t=s}=\hat{u}_{0}$ . (2.3)
Here, $\hat{\phi}=\hat{\phi}(\xi’, x_{n}, t)$ and $\hat{w}=\hat{w}(\xi’, x_{n}, t)$ are the Fourier transforms of $\phi=\phi(x’,x_{n},t)$ and
$w=w(x’, x_{n}, t)$ in $x’\in \mathbb{R}^{n-1}$ with $\xi’\in \mathbb{R}^{n-1}$ being the dual variable; $\hat{L}_{\xi’}(t)$ is an operator on
$X_{0}\equiv(H^{1}\cross L^{2})(0,1)$ with domain $D(\hat{L}_{\xi’}(t))=H^{1}(0,1)\cross(H^{2}\cap H_{0}^{1})(0,1)$, which takes the
form
$\hat{L}_{\xi’}(t)=(\begin{array}{llllll}i\xi_{1}v_{p}^{1}(t) i\gamma^{2}\rho_{p} \tau\xi’ \gamma^{2}\partial_{x_{n}}(\rho_{p} )i\xi’\frac{P(\rho_{p})}{\gamma^{2}\rho_{p}} \frac{\nu}{\rho_{p}}(|\xi’|^{2}-\partial_{x_{n}}^{2})I_{n-1}+ \frac{\tilde{\nu}}{\rho_{p}}\xi^{\prime T}\xi’ -i\frac{\tilde{\nu}}{\rho_{p}}\xi’\partial_{x_{n}} \partial_{x_{n}}(\frac{P(\rho_{p})}{\gamma^{2}\rho_{p}}\cdot) -i\frac{\tilde{\nu}}{\rho_{p}}\tau\xi’\partial_{x_{n}} \frac{\nu}{\rho_{p}}(|\xi’|^{2}-\partial_{x_{n}}^{2})-\frac{\tilde{\nu}}{\rho_{p}}\partial_{x_{n}}^{2} \end{array})$
$+(\begin{array}{lll}0 0 0\frac{\nu}{\gamma^{2}\rho_{p}^{2}}(\partial_{x_{n}}^{2}v_{p}^{1}(t))e_{1}’ i\xi_{1}v_{p}^{1}(t)I_{n-1} \partial_{x_{n}}(v_{p}^{1}(t))e_{1}’0 0 i\xi_{1}v_{p}^{1}(t)\end{array})$
Here, $e_{1}’=\tau(1,0, \ldots, 0)\in \mathbb{R}^{n-1}$ . Let us note that $\hat{L}_{\xi’}(t)$ is sectorial uniformly with respect to
$t\in \mathbb{R}$ for each $\xi’\in \mathbb{R}^{n-1}$ . As for the evolution operator $\hat{U}_{\xi’}(t, s)$ for (2.3) we have the following
results.
Lemma 2.1 For each $\xi’\in \mathbb{R}^{n-1}$ and for all $t\geq s$ there exists unique evolution opemtor
$\hat{U}_{\xi’}(t, s)$ for (2.3) that satisfies
$|\hat{L}_{\xi’}(t)\hat{U}_{\xi’}(t, s)|_{L(X_{0})}\leq C_{t_{1}t_{2}}, t_{1}\leq s<t\leq t_{2}.$
Furthemore, for $u_{0}\in X_{0},$ $f\in C^{\alpha}([s, \infty);X_{0}),$ $\alpha\in(0,1]$ there exists unique classical
solution $u$ of inhomogeneous problem
$\frac{d}{dt}u+\hat{L}_{\xi’}(t)u=f, t>s, u|_{t=s}=u_{0},$
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satisfying $u\in C_{loc}([s, \infty);X_{0})\cap C^{1}(\mathcal{S}, \infty;X_{0})\cap C(s, \infty;(H^{1}\cross(H^{2}\cap H_{0}^{1}))(0,1))$; and the
solution $u$ is given by
$u(t)=( \phi(t), w(t))=\hat{U}_{\xi’}(t, s)u_{0}+\int_{S}^{t}\hat{U}_{\xi’}(t, z)f(z)dz.$
The solution operator $\mathscr{U}(t, s)$ satisfies
$\mathscr{U}(t, s)u_{0}=\mathscr{F}^{-1}\{\hat{U}_{\xi’}(t_{\mathcal{S}})\hat{u}_{0}\},$
for $u_{0}\in(H^{1}\cap L^{2})(\Omega)$ with $\partial_{x’}w_{0}\in L^{2}(\Omega)$ .
Definition 2.2 For $u_{j}=T(\phi_{j}, w_{j})\in L^{2}(0,1)$ with $w_{j}=\tau(w_{j}^{1}, \ldots, w_{j}^{n})(j=1,2)$, we define a
weighted innerproduct $\langle u_{1},$ $u_{2}\rangle$ by
$\langle u_{1}, u_{2}\rangle=\int_{0}^{1}\phi_{1}\overline{\phi}_{2}\frac{P’(\rho_{p})}{\gamma^{4}\rho_{p}}dx_{n}+\int_{0}^{1}w_{1}\overline{w}_{2}\rho_{p}dx_{n}.$
Here, $\overline{g}$ denotes the complex conjugate of $g.$
Next, let us introduce adjoint problem to
$\partial_{t}u+\hat{L}_{\xi’}(t)u=0, t>s, u|_{t=s}=u_{0}.$
Lemma 2$.3\wedge$ For each $\xi’\in \mathbb{R}^{n-1}$ and for all $s\leq t$ there exists unique evolution operator
$U_{\xi}^{*},(s,t)$ for adjointproblem
$-\partial_{S}u+\hat{L}_{\xi’}^{*}(s)u=0, \mathcal{S}<t, u|_{s=t}=u_{0},$
on $X_{0}$ . Here, $\hat{L}_{\xi}^{*},(s)$ is an opemtor on $X_{0}$ with domain $D(\hat{L}_{\xi}^{*},(s))=(H^{1}\cross(H^{2}\cap H_{0}^{1}))(0,1)$,
which takes the form
$\hat{L}_{\xi}^{*},(s)=(\begin{array}{lllll}-i\xi_{1}v_{p}^{1}(s) -i\gamma^{2}\rho_{p} \tau\xi’ -\gamma^{2}\partial_{x_{n}}(\rho_{p} )-i\xi’\frac{P’(\rho}{\gamma^{2}\rho}Lp) \frac{\nu}{\rho_{p}}(|\xi’|^{2}-\partial_{x_{n}}^{2})I_{n-1}+\frac{\tilde{\nu}}{\beta p}\xi^{;T}\xi’ -i\frac{\tilde{\nu}}{\rho_{p}}\xi’\partial_{x_{n}} -\partial_{x_{n}}(\frac{P(\rho_{p})}{\gamma^{2}\rho_{p}}\cdot) -i\frac{\tilde{\nu}}{\beta p}\tau_{\xi’\partial_{x_{n}}} \frac{\nu}{\rho_{p}}(|\xi’|^{2}-\partial_{x_{n}}^{2})- \frac{\tilde{\nu}}{\rho_{p}}\partial_{x_{n}}^{2}\end{array})$
$+(\begin{array}{lll}0 \frac{\nu\gamma^{2}}{P(\rho_{p})}(\partial_{x_{n}}^{2}v_{p}^{1}(s))^{T}e_{1}’ 00 -i\xi_{1}v_{p}^{1}(s)I_{n-1} 00 \partial_{x_{n}}(v_{p}^{1}(\mathcal{S}))^{T}e_{1} -i\xi_{1}v_{p}^{1}(s)\end{array})$
Moreover, $\hat{L}_{\xi}^{*},(s)$ satisfies $\langle\hat{L}_{\xi’}(s)u,$ $v\rangle=\langle u,\hat{L}_{\xi}^{*},(s)v\rangle$ for $s\in \mathbb{R}$ and $u,$ $v\in(H^{1}\cross(H^{2}\cap$
$H_{0}^{1}))(0,1)$ and
$|\hat{L}_{\xi’}^{*}(s)\hat{U}_{\xi}^{*},(\mathcal{S}, t)|_{L(X_{0})}\leq C_{t_{1}t_{2}}, t_{1}\leq s<t\leq t_{2}.$
Furthermore, for $u_{0}\in X_{0},$ $f\in C^{\alpha}((-\infty, t];X_{0}),$ $\alpha\in(0,1]$ there exists unique classical
solution $u$ of inhomogeneous problem
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$-\partial_{s}u+\hat{L}_{\xi}^{*},(s)u=f, s<t, u|_{s=t}=u_{0},$
satisfying $u\in C_{loc}((-\infty, t];X_{0})\cap C^{1}(-\infty,t;X_{0})\cap C(-\infty, t;(H^{1}\cross(H^{2}\cap H_{0}^{1}))(0,1))$ ; and
the solution $u$ is $gi\nu en$ by
$u(s)=(\phi(s), w(s))=\hat{U}_{\zeta}^{*},(s,t)u_{0}+l^{t}\hat{U}_{\xi}^{*},(s, z)f(z)dz.$
Note that $\hat{U}_{\xi’}(t, s)$ and $\hat{U}_{\xi}^{*},(\mathcal{S}, t)$ are defined for all $t\geq s$ and
$\hat{U}_{\xi’}(t+T, s+T)=\hat{U}_{\xi’}(t, s),\hat{U}_{\xi}^{*},(s+T, t+T)=\hat{U}_{\xi}^{*},(s,t)$ .
The operator $\hat{U}_{\xi’}(t, s)$ has different characters between cases $|\xi’|\ll 1$ and $|\xi’|\gg 1$ . We thus
decompose the solution operator $\mathscr{U}(t, s)$ associated with (2.2) into three parts:
$\mathscr{U}(t, s)=\mathscr{F}^{-1}(\hat{U}_{\xi’}(t, s)|_{|\xi’|\leq r})+\mathscr{F}^{-1}(\hat{U}_{\xi’}(t, s)|_{r\leq|\xi’|\leq R})+\mathscr{F}^{-1}(\hat{U}_{\xi’}(t, s)|_{|\xi’|\geq R})$ ,
for $0<r\ll 1\ll R$, where $\mathscr{F}^{-1}$ denotes the inverse Fourier transform. Let us first discuss
$\mathscr{U}_{0}(t, s)=\mathscr{F}^{-1}(\hat{U}_{\xi’}(t, s)|_{|\xi’|\leq r})$ .
Since $\hat{L}_{\zeta’}(t)$ is $T$-time periodic, we have for $t-s\geq 2T$ that
$\hat{U}_{\xi’}(t, s)=\hat{U}_{\xi’}(t,t-\tau_{1})\hat{U}_{\xi}^{m}(T, 0)\hat{U}_{\xi’}(s+\tau_{1}, s)$ ,
where $\tau_{1},$ $\tau_{2}\in[0, T)$ and $t-s=\tau_{1}+mT+\tau_{2}$ . Thus the spectrum of $\hat{U}_{\xi’}(T, 0)$ plays an
important role in the study of large time behavior. We investigate theoperator$\hat{U}_{\xi’}(T, 0)\wedge\wedge$ for
$|\xi’|\leq r\ll 1$ as in [4] and we regard $\hat{U}_{\xi’}(T, 0)$ as a perturbation from $U_{0}(T, 0)=U_{\xi’}(T, 0)|_{\xi’=0}.$
Lemma 2.4 There exist positive numbers $\nu_{0}$ and $\gamma_{0}$ such that if $v\geq v_{0}$ and $\gamma^{2}/(\nu+\tilde{\nu})\geq\gamma_{0}^{2}$
then there exists $r_{0}>0$ such thatfor each $\xi’$ with $|\xi’|\leq r_{0}$ there hold the following statements.
(i) The spectrum ofopemtor $\hat{U}_{\xi’}(T, 0)$ on $(H^{1}\cross H_{0}^{1})(0,1)$ satisfies
$\sigma(\hat{U}_{\xi’}(T, 0))\subset\{\mu_{\xi’}\}\cup\{\mu:|\mu|\leq q_{0}\},$
with constant $q_{0}<{\rm Re}\mu_{\xi’}<1$ . Here, $\mu_{\xi’}=e^{\lambda_{\xi’}T}$ is simple eigenvalue of $\hat{U}_{\xi’}(T, 0)$ and $\lambda_{\xi’}$
has an expansion
$\lambda_{\xi’}=-i\kappa_{0}\xi_{1}-\kappa_{1}\xi_{1}^{2}-\kappa"|\xi"|^{2}+O(|\xi’|^{3})$ , (2.4)
where $\kappa_{0}\in \mathbb{R}$ and $\kappa_{1}>0,$ $\kappa">0$ . Here, ${\rm Re}\lambda$ denotes the real pan of $\lambda\in \mathbb{C}.$
Moreover, let $\hat{\Pi}_{\xi’}$ denote the eigenprojection associated with $\mu_{\xi’}$ . There holds
$|\hat{U}_{\xi’}(t, s)(I-\hat{\Pi}_{\xi’})u|_{H^{1}(0,1)}\leq Ce^{-d(t-8)}|(I-\hat{\Pi}_{\xi’})u|x_{0},$
for $u\in X_{0}$ and $T\leq t-s$ . Here, $d$ is a positive constant depending on $r_{0}.$
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(ii) The spectrum ofopemtor $\hat{U}_{\xi}^{*},(0, T)$ on $(H^{1}\cross H_{0}^{1})(0,1)$ satisfies
$\sigma(\hat{U}_{\xi}^{*},(0, T))\subset\{\overline{\mu}_{\xi’}\}\cup\{\mu:|\mu|\leq q_{0}\}.$
Here, $\overline{\mu}_{\xi’}$ is simple eigenvalue of $\hat{U}_{\xi}^{*},(0, T)$ .
On the other hand, if $|\xi’|\geq R\gg 1$ , one can derive the exponential decay property of
the corresponding part of the solution operator $\mathscr{U}(t_{\mathcal{S}})$ by the Fourier transformed version of
Matsumura-Nishida’s energy method (e.g., see [10]), provided that $Re$ and $Ma$ are sufficiently
small. As for the bounded frequency part $r\leq|\xi’|\leq R$ , one can employ a certain time-
dependent decomposition argument and apply a variant ofMatsumura-Nishida’s energy method
as in [9] to show the exponential decay.
Let us denote
$\mathscr{U}_{1}(t, s)=\mathscr{F}^{-1}(\hat{U}_{\xi’}(t_{\mathcal{S}})|_{r\leq|\xi’|\leq R)}, \mathscr{U}_{\infty}(t, s)=\mathscr{F}^{-1}(\hat{U}_{\xi’}(t, s)|_{|\xi’|\geq R})$ .
Next two theorems show that $\mathscr{U}_{j}(t, s)u_{0}(j=1, \infty)$ decay exponentially in time.
Theorem 2.5 There exist constants $R_{0}>1,$ $\nu_{0}>0$ and $\gamma_{0}>0$ such that if $v\geq\nu_{0}$ and
$\gamma^{2}/(v+\tilde{v})\geq\gamma_{0}^{2}$ then there exists a constant $d>0$ such that the estimate
$\Vert \mathscr{U}_{\infty}(t, s)u_{0}\Vert_{H^{1}(\Omega)}\leq Ce^{-d(t-s-4T)}(\Vert u_{0}\Vert_{(H^{1}\cross L^{2})(\Omega)}+\Vert\partial_{x’}w_{0}\Vert_{L^{2}(\Omega)})$,
holds uniformly in $t-s\geq 4T,$ $s\geq 0.$
Theorem 2.6 There exist constants $\nu_{0}>0$ and $\gamma_{0}>0$ such that if $\nu\geq\nu_{0}$ and $\gamma^{2}/(v+\tilde{v})\geq\gamma_{0}^{2}$
thenfor any $0<r<R_{0}$ there exists a constant $d(r)>0$ such that the estimate
$\Vert \mathscr{U}_{1}(t, s)u_{0}\Vert_{H^{1}(\Omega)}\leq Ce^{-d(t-s-4T)}(\Vertu_{0}\Vert_{(H^{1}\cross L^{2})(\Omega)}+\Vert\partial_{x’}w_{0}\Vert_{L^{2}(\Omega)})$ ,
holds uniformly in $t-s\geq 4T,$ $s\geq 0.$
Therefore, we see from Theorem 2.5 and Theorem 2.6 that the interesting part of solution is
given by $\mathscr{U}_{0}(t, s)u_{0}$ . To investigate $\mathscr{U}_{0}(t, \mathcal{S})u_{0}$ , we introduce the following Floquet theory in a
Fourier space.
Definition 2.7 Let $k=1,2,$ $\ldots$ . Let us define spaces $Y_{per}^{k}$ as
$Y_{per}^{1}=L_{per}^{2}([0, T];X_{0})$ ,
$[ \frac{k}{2}]$
$Y_{per}^{k}= \bigcap_{j=0}H_{per}^{j}([0, T];H^{k-2j}(0,1)\cross H^{k-1-2j}(0,1))$, for $k\geq 2.$
Here, for Banach space $X$ and $j=0,$ $\ldots$ spaces $L_{per}^{2}([0, T];X)$ and $H_{per}^{j}([0, T];X)$ consist of
fiunctionsfrom $L^{2}([0, T];X)$ and $H^{j}([0, T];X)$ , respectively, that are restrictions of $T$-periodic
functions.
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Definition 2.8 We define opemtor $B_{\xi’}$ on space $Y_{per}^{1}$ with domain
$D(B_{\xi’})=H_{per}^{1}([0, T];X_{0})\cap L_{per}^{2}([0, T];(H^{1}\cross(H^{2}\cap H_{0}^{1}))(0,1))$,
in the following way
$B_{\xi’}v=\partial_{t}v+\hat{L}_{\xi’}(\cdot)v,$
for $v\in D(B_{\xi’})$ . Moreover, we defineformal adjoint opemtor $B_{\xi}^{*}$, with respect to inner product
$\frac{1}{T}\int_{0}^{T}\langle\cdot,$ $\cdot\rangle dt$ as
$B_{\xi}^{*},v=-\partial_{t}v+\hat{L}_{\xi}^{*},(\cdot)v,$
for $v\in D(B_{\xi}^{*},)=D(B_{\xi’})$ .
$\mathbb{R}^{n}Rem$
ark2.9 Operators $B_{\xi’}$ and $B_{\xi}^{*}$, are closed, densely defined on $Y_{per}^{1}$ for each fixed $\xi’\in$
Lemma 2.10 LetAssumptions 1.4 be satisfiedfor $m\geq 2$ . There existpositive numbers $\nu_{1}\geq\nu_{0}$
and $\gamma_{1}\geq\gamma_{0}$ such that if $\nu\geq\nu_{1}$ and $\gamma^{2}/(\nu+\tilde{\nu})\geq\gamma_{1}^{2}$ then there exists $0<r_{1}\leq 1$ such thatfor
each $|\xi’|\leq r_{1}$ there hold the following statements.
(i) Let $1\leq k\leq m$. There exists $q_{1}>0$ such that spectrum ofopemtor $B_{\xi’}$ on $Y_{per}^{k}$ satisfies
$\sigma(B_{\xi’})\subset\bigcup_{l\in Z}\{-\lambda_{\xi’}+i\frac{2l\pi}{T}\}\cup\{\lambda:{\rm Re}\lambda\geq q_{1}\},$
with $0 \leq|\lambda_{\xi’}|\leq\frac{1}{2}q_{1}$ uniformfor all $k$ . Here, $- \lambda_{\xi’}+i\frac{2l\pi}{T},$ $l\in \mathbb{Z}$ are simple eigenvalues of
$B_{\xi’}.$
(ii) Let $1\leq k\leq m$. Spectrum ofoperator $B_{\xi}^{*}$, on $Y_{per}^{k}$ satisfies
$\sigma(B_{\xi}^{*},)\subset\bigcup_{\iota\in \mathbb{Z}}\{-\overline{\lambda}_{\xi’}-i\frac{2l\pi}{T}\}\cup\{\lambda:{\rm Re}\lambda\geq q_{1}\}.$
Here, $- \overline{\lambda}_{\xi’}-i\frac{2l\pi}{T},$ $l\in \mathbb{Z}$ are simple eigenvalues of $B_{\xi}^{*},.$
(iii) There exist $u_{\xi’}$ and $u_{\xi}^{*}$ , eigenfiunctions associated $with-\lambda_{\xi’}and-\overline{\lambda}_{\xi’}$, respectively, with
the following pmperties:
$\langle u_{\xi’}(t), u_{\xi}^{*},(t)\rangle=1,$
$u_{\xi’}(t)=u^{(0)}(t)+i\xi’\cdot u^{(1)}(t)+|\xi’|^{2}u^{(2)}(\xi’, t)$ ,
$u_{\xi}^{*},(t)=u^{*(0)}+i\xi’\cdot u^{*(1)}(t)+|\xi’|^{2}u^{*(2)}(\xi’, t)$ ,
for $t\in \mathbb{R}$ . Here, allfunctions
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$u_{\xi’},$ $u_{\xi}^{*},,$
$u^{(0)},$ $u^{(0)*},$ $u^{(1)},$ $u^{(1)*},$ $u^{(2)}(\xi’),$ $u^{(2)*}(\xi’)$ ,
are $T$-periodic in $t,$
$[ \frac{m}{2}]$
$u \in\bigcap_{j=0}C^{j}([0, T];(H^{m-2j}\cross(H^{m-2j}\cap H_{0}^{1}))(0,1))$ ,
$[ \frac{m}{2}] [\frac{m+1}{2}]$
$\phi\in\bigcap_{j=0}H^{j+1}(0, T;H^{m-2j}(0,1)), w\in\bigcap_{j=0}H^{j}(0, T;(H^{m+1-2j}\cap H_{0}^{1})(0,1))$ ,
and we have estimate
$\sup_{z\in[0,T]}\sum_{j=0}^{\frac{m}{2}}|\dot{\theta}_{z}u(z)|_{H^{m-2j}(0,1)}^{2}+\int_{0^{T}}^{[\frac{m-1}{\sum_{j=0}^{2}}]}|\dot{\theta}_{z}^{+1}u|_{(H^{m-2j}\cross H^{m-1-2j})(0,1)}^{2}[]$
$+|\partial_{z}^{[\frac{m+2}{2}]}Q_{0}u|_{L^{2}(0,1)}^{2}+|u|_{()(0,1)}^{2}H^{m}\cross H^{m+1}dz\leq C,$
for $u=T(\phi, w)\in\{u_{\xi’}, u_{\xi}^{*},, u^{(2)}(\xi’), u^{(2)*}(\xi’)\}$ and a constant $C>0$ depending on $r_{1}.$
As for $u^{(0)}(t)$ , we have the following result.
Lemma 2.11 Function $u^{(0)}(t)$ satisfies $\partial_{t}u^{(0)}+\hat{L}_{0}(t)u^{(0)}=0$ and $u^{(0)}(t)=u^{(0)}(t+T)$for all
$t\in \mathbb{R}$. Function $u^{(0)}(t)$ is given as
$u^{(0)}(x_{n}, t)=^{T}(\phi^{(0)}(x_{n}), w^{(0),1}(x_{n}, t), 0)$ .
Here,
$\phi^{(0)}(x_{n})=\alpha_{0}\frac{\gamma^{2}\rho_{p}(x_{n})}{P(\rho_{p}(x_{n}))}, \alpha_{0}=(\int_{0}^{1}\frac{\gamma^{2}\rho_{p}(x_{n})}{P(\rho_{p}(x_{n}))}dx_{n})^{-1}$
$w^{(0),1}(x_{n}, t)=- \frac{1}{\gamma^{2}}\int_{-\infty}^{t}e^{-(t-s)\nu A}v\frac{\alpha_{0}\gamma^{2}}{P’(\rho_{p})\rho_{p}}(\partial_{x_{n}}^{2}v_{p}^{1}(s))ds,$
where $A$ is given by (1.21). Moreover, function $w^{(0),1}$ satisfies
$\partial_{t}w^{(0),1}(t)-\frac{\nu}{\rho_{p}(x_{n})}\partial_{x_{n}}^{2}w^{(0),1}(t)=-\frac{\nu}{\gamma^{2}}\frac{\alpha_{0}\gamma^{2}}{P’(\rho_{p})\rho_{p}}(\partial_{x_{n}}^{2}v_{p}^{1}(t))$ ,
for all $t\in \mathbb{R}$ and underAssumptions 1.4 there holds
$\Vert w^{(0),1}(t)\Vert_{C^{m+1}(\Omega)}=O(\frac{1}{\gamma^{2}})$.
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2.2 Floquet theory for $\mathscr{P}(t)u(t)$
In this subsection we assume that $\nu\geq\nu_{1}$ and $\gamma^{2}/(\nu+\overline{\nu})\geq\gamma_{1}^{2}$ and Assumptions 1.4 hold for
an integer $m,$ $m\geq 2$ . We introduce time-peridic operators and projection based on spectrum of
$B_{\xi’}$ and $B_{\xi}^{*},$ , which are used to decompose the solution of the nonlinear problem (2.1) in Section
3. We also give a summary of their properties.
Definition 2.12 We define $\hat{\chi}_{1}$ by
$\hat{\chi}_{1}(\xi’)=1_{[0,r_{1})}(|\xi’|)=\{\begin{array}{l}1, 0\leq|\xi’|<r_{1},0, |\xi’|\geq r_{1},\end{array}$
for $\xi’\in \mathbb{R}^{n-1}$ , where $r_{1}$ is given by Lemma 2.10.
Now, we introduce time-periodic operators based on eigenfunctions $u_{\xi’}$ and $u_{\xi}^{*},.$
Definition 2.13 We define opemtors $\mathscr{P}(t)$ : $L^{2}(\Omega)arrow L^{2}(\mathbb{R}^{n-1})$ by
$\mathscr{P}(t)u=\mathscr{F}^{-1}\{\hat{\mathscr{P}}_{\xi’}(t)\hat{u}\}, \hat{\mathscr{P}}_{\xi’}(t)\hat{u}=\hat{\chi}_{1}\langle\hat{u}, u_{\xi’}^{*}(t)\rangle$ ;
opemtors $\mathscr{Q}(t):L^{2}(\mathbb{R}^{n-1})arrow L^{2}(\Omega)$ by
$\mathscr{Q}(t)\sigma=\mathscr{F}^{-1}\{\hat{\chi}_{1}^{\hat{\mathscr{Q}}_{\xi’}}(t)\hat{\sigma}\}, \hat{\mathscr{Q}}_{\xi’}(t)\hat{\sigma}=u_{\xi’}(\cdot, t)\hat{\sigma}$;
multiplier $\Lambda$ : $L^{2}(\mathbb{R}^{n-1})arrow L^{2}(\mathbb{R}^{n-1})$ by
$\Lambda\sigma=\mathscr{F}^{-1}\{\hat{\chi}_{1}\lambda_{\xi’}\hat{\sigma}\}$ ;
andprojections $\mathbb{P}(t)$ on $L^{2}(\Omega)$ as
$\mathbb{P}(t)u=\mathscr{Q}(t)\mathscr{P}(t)u=\mathscr{F}^{-1}\{\hat{\chi}_{1}\langle\hat{u}, u_{\xi}^{*},(t)\rangle u_{\xi’}(\cdot, t)\},$
for $t\in[O, \infty)$ and $u\in L^{2}(\Omega),$ $\sigma\in L^{2}(\mathbb{R}^{n-1})$ .
One can see that $\mathbb{P}(t)^{2}=\mathbb{P}(t)$ . Moreover, $\Lambda$ is bounded linear operator on $L^{2}(\mathbb{R}^{n-1})$ . It
then follows that $\Lambda$ generates unifonnly continuous group $\{e^{t\Lambda}\}_{t\in \mathbb{R}}$ . Furthermore, if $\sigma\in L^{p}(\Omega)$ ,
$1\leq p\leq 2$ then
$\Vert\partial_{x}^{k},e^{t\Lambda}\sigma\Vert_{L^{2}(\mathbb{R}^{n-1})}\leq C(1+t)^{-\frac{n-1}{2}(\frac{1}{p}-\frac{1}{2})-\frac{k}{2}\Vert\sigma\Vert_{L^{p}(\mathbb{R}^{n-1})}}, k=0,1, \ldots.$
In terms of $\mathbb{P}(t)$ we have the following decomposition of $\mathscr{U}(t, s)$ .
Theorem 2.14 $\mathbb{P}(t)$ satisfies the following:
(i)
$\mathbb{P}(t)(\partial_{t}+L(t))u(t)=(\partial_{t}+L(t))\mathbb{P}(t)u(t)=\mathscr{Q}(t)[(\partial_{t}-\Lambda)\mathscr{P}(t)u(t)],$
for $u\in L^{2}([0, T];(H^{1}\cross(H^{2}\cap H_{0}^{1}))(\Omega))\cap H^{1}([0, T];L^{2}(\Omega))$.
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(ii)
$\mathbb{P}(t)\mathscr{U}(t, s)=\mathscr{U}(t, s)\mathbb{P}(s)=\mathscr{Q}(t)e^{(t-s)\Lambda}\mathscr{P}(s)$ .
If $u\in L^{1}(\Omega)$ , then
$\Vert\theta\dot{i}\partial_{x}^{k},\partial_{x_{n}}^{\iota}\mathbb{P}(t)\mathscr{U}(t, s)u\Vert_{L^{2}(\Omega)}\leq C(1+t-s)^{-\frac{n-1k}{42}}\Vert u\Vert_{L^{1}(\Omega)},$
for $0\leq 2j+l\leq m,$ $k=0,$ $\ldots.$
(iii) $(I-\mathbb{P}(t))\ovalbox{\tt\small REJECT}(t, s)=\mathscr{U}(t, s)(I-\mathbb{P}(s))$ satisfies
$I(I-\mathbb{P}(t))\mathscr{U}(t, s)u_{0}\Vert_{H^{1}(\Omega)}\leq Ce^{-d(t-s)}(\Vert u_{0}\Vert_{(H^{1}xL^{2})(\Omega)}+\Vert\partial_{x’}w_{0}\Vert_{L^{2}(\Omega})$,
for $t-s\geq T$. Here $d$ is a positive constant.
Let us consider the following inhomogeneous problem:
$\partial_{t}u+L(t)u=f(t), t>0, u|_{t=0}=u_{0}$ . (2.5)
One can show that if $u_{0}\in(H^{1}\cross H_{0}^{1})(\Omega)$ and $f\in L_{loc}^{2}([0, \infty);(H^{1}\cross L^{2})(\Omega))$ , then there exists
unique $u(t)=T(\phi(t), w(t))$ ,
$u\in C_{loc}([0, \infty);(H^{1}\cross H_{0}^{1})(\Omega)),$ $\phi\in H_{loc}^{1}([0, \infty);L^{2}(\Omega)),$ $w \in\bigcap_{j=0}^{1}H_{loc}^{j}([0, \infty);H_{*}^{2-2j}(\Omega))$ ,
(2.6)
that satisfies (2.5).
Theorem 2.15 Let $u_{0}\in(H^{1}\cross H_{0}^{1})(\Omega),$ $f\in L_{loc}^{2}([0, \infty);(H^{1}\cross L^{2})(\Omega))$ and let $u(t)=$
$T(\phi(t), w(t))$ is unique solution of (2.5) in the class (2.6). Then
(i) $\mathscr{P}(t)u(t)$ satisfies
$\mathscr{P}(t)u(t)=e^{t\Lambda}\mathscr{P}(0)u_{0}+\int_{0}^{t}e^{(t-z)\Lambda}\mathscr{P}(z)f(z)dz, t\in[0, \infty)$ . (2.7)
(ii) $u_{\infty}(t)=T(\phi_{\infty}(t), w_{\infty}(t))=(I-\mathbb{P}(t))u(t)$ belongs to class (2.6) and satisfies
$\partial_{t}u_{\infty}+L(t)u_{\infty}=(I-\mathbb{P}(t))f, t>0, u_{\infty}|_{t=0}=(I-\mathbb{P}(0))u_{0}.$
Next, let us show the asymptotic properties of $\mathscr{U}(t, s)$ . First, let us define a semigroup $\mathscr{H}(t)$
on $L^{2}(\mathbb{R}^{n-1})$ associated with a linear heat equation with a convective term:
$\partial_{t}\sigma-\kappa_{1}\partial_{x_{1}}^{2}\sigma-\kappa"\triangle"\sigma+\kappa_{0}\partial_{x_{1}}\sigma=0.$
Definition 2.16 We define opemtor $\mathscr{H}(t)$ as
$\mathscr{H}(t)\sigma=\mathscr{F}^{-1}[e^{-(i\xi_{1}+\kappa_{1}\xi_{1}^{2}+\kappa"|\xi"|^{2})t}\kappa 0\hat{\sigma}],$
for $\sigma\in L^{2}(\mathbb{R}^{n-1})$ . Here, $\kappa_{0},$ $\kappa_{1}$ and $\kappa"$ are given by (2.4).
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Theorem 2.17 There hold thefollowing estimatesfor $1\leq p\leq 2$ and $k=0,1,$ $\ldots.$
(i)
$\Vert\partial_{x}^{k},(\mathscr{H}(t)\sigma)\Vert_{L^{2}(\mathbb{R}^{n-1})}\leqCt^{-\frac{n-1}{2}(\frac{1}{p}-\frac{1}{2})-\frac{k}{2}}\Vert\sigma\Vert_{Lp(\mathbb{R}^{n-1})},$
for $\sigma\in L^{p}(\mathbb{R}^{n-1})$ .




for $u\in L^{p}.$ Funhemore, for any $\sigma\in L^{p}(\mathbb{R}^{n-1})$ there holds
$\Vert(e^{(t-s)\Lambda}-\mathscr{H}(t-s))\partial_{x}^{k},\sigma\Vert_{L^{2}(\mathbb{R}^{n-1})}\leq C(t-s)^{-\frac{n-1}{2}(\frac{1}{p}-\frac{1}{2})-\frac{k+1}{2}\Vert\sigma\Vert_{Lp(\mathbb{R}^{n-1})}}.$
Remark 2.18 Combining (2.7) with Theorem 2.17 (ii) we see that asymptotic leading part of
$\mathscr{U}(t, s)u_{0}$ is represented by $u^{(0)}(t)\mathscr{H}(t-s)\sigma$ , where $\sigma=\int_{0}^{1}\phi_{0}(x’, x_{n})dx_{n}$ and $u_{0}=\tau(\phi_{0}, w_{0})$ .
Theorems 2.14, 2.15 and 2.17 follow from the properties of $\mathscr{Q}(t)$ and $\mathscr{P}(t)$ introduced
below. Next, we introduce the properties of $\mathscr{Q}(t)$ and $\mathscr{P}(t)$ .




$\Vert\theta\dot{i}\partial_{x}^{k},\theta_{x_{n}}(\mathscr{Q}(t)\sigma)\Vert_{L^{2}(\Omega)}\leq C\Vert\sigma\Vert_{L^{2}(\mathbb{R}^{n-1})}, 0\leq 2j+l\leq m+1, k=0,1, \ldots,$
for $\sigma\in L^{2}(\mathbb{R}^{n-1})$ .
(iii) $\mathscr{Q}(t)$ is decomposed as
$\mathscr{Q}(t)=\mathscr{Q}^{(0)}(t)+di_{V^{J}}\mathscr{Q}^{(1)}(t)+\triangle’\mathscr{Q}^{(2)}(t)$.
Here, $\mathscr{Q}^{(0)}(t)\sigma=(\mathscr{F}^{-1}\{\hat{\chi}_{1}\hat{\sigma}\})u^{(0)}(\cdot, t),$ $\mathscr{Q}^{(1)}(t)$ and $\mathscr{Q}^{(2)}(t)$ share the same propenies
given in (i) and (ii) for $\mathscr{Q}(t)$ .




$\Vert f\dot{f}_{t}\partial_{x}^{k},(\mathscr{P}(t)u)\Vert_{L^{2}(\mathbb{R}^{n-1})}\leq C\Vert u\Vert_{L^{2}(\Omega)}, 0\leq 2j\leq m+1, k=0,1, \ldots,$
for $u\in L^{2}(\Omega)$ .
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Moreover,
$\Vert \mathscr{P}(t)u\Vert_{L^{2}(\mathbb{R}^{n-1})}\leq C\Vert u\Vert_{L^{p}(\Omega)},$
for $u\in IP(\Omega)$ and $1\leq p\leq 2.$
(iii)
$\mathscr{P}(t)(\partial_{t}+L(t))u(t)=(\partial_{t}-\Lambda)(\mathscr{P}(t)u(t))$ ,
for $u\in L_{loc}^{2}([0, \infty);(H^{1}\cross(H^{2}\cap H_{0}^{1}))(\Omega))\cap H_{loc}^{1}([0, \infty);L^{2}(\Omega))$ .
(iv) $\mathscr{P}(t)$ is decomposed as
$\mathscr{P}(t)=\mathscr{P}^{(0)}+div’\mathscr{P}^{(1)}(t)+\triangle^{J}\mathscr{P}^{(2)}(t)$ .




$\mathscr{P}^{(p)}(t),$ $p=0,1,2$, share the same properties given in (i) and (ii) for $\mathscr{P}(t)$ .
(v) There holds
$\Vert\partial_{x}^{k},e^{(t-s)\Lambda}\mathscr{P}^{(q)}(s)u\Vert_{L^{2}(\mathbb{R}^{n-1})}\leq C(1+t-s)^{-\frac{n-1}{2}(\frac{1}{p}-\frac{1}{2})-\frac{k}{2}\Vert u\Vert_{L^{p}(\Omega)}}, q=0,1,2,$
for $u\in L^{p}(\Omega),$ $1\leq p\leq 2$ and $k=0,1,$ $\ldots.$
Properties of $\mathscr{Q}(t)$ and $\mathscr{P}(t)$ given in Lemma 2.19 and Lemma 2.20 follow by computation
from properties of eigenfunctions $u_{\xi’}$ and $u_{\xi}^{*}$ , introduced in Lemma 2.10.
3 Nonlinear problem
In this section we state the main results on the nonlinear problem $(1.13)-(1.16)$ . These results
were established in [3] and we omit their proofs here.
First, let us introduce the local existence result. To do so, we rewrite $(1.13)-(1.16)$ in the
form
$\partial_{t}\phi+v\cdot\nabla\phi=-\gamma^{2}w\cdot\nabla\rho_{p}$ –pdiv $w$ , (3.1)
$\rho\partial_{t}w-\nu\triangle w-\hat{\nu}\nabla divw=-\frac{\nu}{\gamma^{2}\rho_{p}}\partial_{x_{n}}^{2}v_{p}\phi-\nabla(P(\rho)-P(\rho_{p}))-\rho(v\cdot\nabla v)$, (3.2)
93
$w|_{\partial\Omega}=0,$ (3.3)
$(\phi, w)|_{t=0}=(\phi_{0}, w_{0})$ , (3.4)
where $\rho=\rho_{p}+\gamma^{-2}\phi$ and $v=v_{p}+w.$
Here, we mention the compatibility condition for $u_{0}=\tau(\phi_{0}, w_{0})$ . We look for a solution
$u=T(\phi, w)$ of $(3.1)-(3.4)$ in $\bigcap_{j0}^{[\frac{m}{=2}]}C^{j}([0, \infty);H^{m-2j}(\Omega))$ satisfying $\int_{0}^{t}\Vert\partial_{x}w(z)\Vert_{H^{m}(\Omega)}^{2}dz<$
$\infty$ for all $t\geq 0$ with $m\geq[n/2]+1$ . Therefore, we need to require the compatibility condition
for the initial value $u_{0}=T(\phi_{0}, w_{0})$ , which is formulated as follows.
Let $u=T(\phi, w)$ be a smooth solution of $(3.1)-(3.4)$ . Then $\theta\dot{i}u=T(\theta\dot{i}\emptyset,\dot{\theta}_{t}w),$ $j\geq 1$ is
inductively determined by
$\dot{\theta}_{t}\phi=-v\cdot\nabla\theta i^{-1}\phi-\rho div\theta\dot{i}^{-1}w-\gamma^{2}\partial_{t}^{\dot{\rho}-1}w\cdot\nabla\rho_{p}-\{[\theta_{t^{-1}}, v\cdot\nabla]\phi+[\theta\dot{i}^{-1}, \rho]divw\},$
and
$\theta iw=-\rho^{-1}\{-\nu\Delta\theta\dot{i}^{-1}w$ –VVdiv $\theta i^{-1}w+P’(\rho)\nabla\theta_{t}^{;-1}\rho\}$
$-\rho^{-1}\{\gamma^{-2}[\theta\dot{i}^{-1}, \emptyset]\partial_{t}w+[\theta\dot{i}^{-1}, P’(\rho)]\nabla\rho\}$
$- \rho^{-1}\{\frac{\nu}{\gamma^{2}\rho_{p}}\theta\dot{i}^{-1}(\partial_{x_{n}}^{2}v_{p}\phi)-\theta\dot{i}^{-1}\nabla P(\rho_{p})\}-\rho^{-1}\dot{\theta}_{t^{-1}}(\rho(v\cdot\nabla v))$ .
From these relations we see that $\theta iu|_{t=0}=T(\dot{\theta}_{t}\phi, \theta\dot{i}w)|_{t=0}$ is inductively given by $u_{0}=$
$T(\phi_{0}, w_{0})$ in the following way:




$w_{j}=- \rho_{0}^{-1}\{-\nu\Delta w_{j-1}-\tilde{\nu}\nabla divw_{j-1}+P’(\rho_{0})\nabla\rho_{j-1}\}-\rho_{0}^{-1}\sum_{l=1}^{j-1}(\begin{array}{ll}j -1 l\end{array}) \{\gamma^{-2}\phi_{l}w_{j-l}$
$+a_{l}(\phi_{0};\phi_{1}, \ldots, \phi_{l})\nabla\rho_{j-1-\downarrow\}-\rho_{0}^{-1}\frac{\nu}{\gamma^{2}\rho_{p}}\sum_{\iota=0}^{j-1}}(\begin{array}{ll}j -1 l\end{array})\dot{y}_{t}^{-1-l\partial_{x_{n}}^{2}v_{p}(0)\phi_{1}}+\delta_{1j}\rho_{0}^{-1}\nabla P(\rho_{p})$
$-\rho_{0}^{-1}G_{j-1}(\phi_{0}, w_{0}, \partial_{x}w_{0};\phi_{1}, \ldots, \phi_{j-1}, w_{1}, \ldots, w_{j-1}, \partial_{x}w_{1}, \ldots, \partial_{x}w_{j-1})$ ,
with $v_{l}=\theta_{t}v_{p}(0)+w_{l},$ $\rho_{l}=\delta_{0l}\rho_{p}+\gamma^{-2}\phi_{l}$ ; and $a_{l}(\phi_{0};\phi_{1}, \ldots, \phi_{l})$ is certain polynomial in
$\phi_{1},$
$\ldots,$
$\phi_{l}$ ; and so on. Here, $\delta_{jk}$ denotes the Kronecker’s delta.
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By the boundary condition $w|_{\partial\Omega}=0$ in (3.3), we necessarily have $\partial_{t}^{\uparrow}w|_{\partial\Omega}=0$ , and hence,
$w_{j}|_{\partial\Omega}=0.$
Assume that $u=T(\phi, w)$ is a solution of $(3.1)-(3.4)$ in $\bigcap_{j=0}^{[\frac{m}{2}]}C^{j}([0, \tau_{0}];H^{m-2j}(\Omega))$ for
some $\tau_{0}>0$ . Then, from above observation, we need the regularity $u_{j}=T(\phi_{j}, w_{j})\in(H^{m-2j}\cross$
$H^{m-2j})(\Omega)$ for $j=1,$ $\ldots,$ $[m/2]$ , which follows from the fact that $u_{0}=T(\phi_{0}, w_{0})\in H^{m}(\Omega)$
with $m\geq[n/2]+1$ . Furthermore, it is necessary to require that $u_{0}=T(\phi_{0}, w_{0})$ satisfies the
$\hat{m}$-th order compatibility condition:
$w_{j}\in H_{0}^{1}(\Omega)$ for $j=0,$ $\ldots,\hat{m}=[\frac{m-1}{2}].$
Now, using local solvability result obtained in [8] one can show the following assertion.
Proposition 3.1 Let $n\geq 2$, Assumptions 1.4 be satisfiedfor an integer $m,$ $m\geq[n/2]+1$ and
$M>0$. Assume that $u_{0}=\tau(\phi_{0}, w_{0})\in H^{m}(\Omega)$ satisfies the following conditions:
$(a)\Vert u_{0}\Vert_{H^{m}(\Omega)}\leq M$ and $u_{0}$ satisfies the $\hat{m}$-th compatibility condition,
$(b)-1_{-\underline{\rho}\leq\phi_{0}}^{2}4^{\cdot}$
Then there exists a positive number $\tau_{0}$ depending on $Mand\underline{\rho}$ such thatpmblem $(3.1)-(3.4)$ has







$\Vert|Df(t)\Vert|_{m}^{2}=[\partial_{x}f(t)]_{m}^{2}+[\partial_{t}f(t)]_{m-1}^{2}$, with $[f(t)]_{k}^{2}= \sum_{j=0}^{[\frac{k}{2}]}\Vert\theta_{t}’f(t)\Vert_{H^{k-2j}(\Omega)},$ $k\geq 0.$
Remark 3.2 It is straightforward to see that solution $u(t)$ of $(3.1)-(3.4)$ is solution of (1.13)-
(1.16). Condition $(b)$ in the previous proposition assures that $\gamma^{-2}\phi_{0}+\rho_{p}\geq\frac{3}{4}\underline{\rho}>0.$
Second, we state our main results of this paper.
Theorem 3.3 Suppose that $n\geq 2$ and Assumptions I.4 are satisfied for an integer $m,$ $m\geq$
$[n/2]+1$ . There are positive numbers $v_{0}$ and $\gamma_{0}$ such that if $\nu\geq v_{0}$ and $\gamma^{2}/(\nu+\tilde{v})\geq\gamma_{0}^{2}$ then
the following assenions hold true.
There is a positive number $\epsilon_{0}$ such that if $u_{0}=\tau(\phi_{0}, w_{0})\in(H^{m}\cap L^{1})(\Omega)$ satisfies the $\hat{m}-$
th compatibility condition and $\Vert u_{0}\Vert_{(H^{m}\cap L^{1})(\Omega)}\leq\epsilon_{0}$ , then there exists a unique global solution
$u(t)=^{T}(\phi(t), w(t))$ of$(1.13)-(1.16)$ in $\bigcap_{j=0}^{[\frac{m}{2}]}C^{j}([0, \infty);H^{m-2j}(\Omega))$ which satisfies
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$\Vert\partial_{x}^{k},u(t)\Vert_{L^{2}(\Omega)}=O(t^{-\frac{n-1}{4}-\frac{k}{2})}, k=0,1.$
Moreover, let $n=2$. There holds
$\Vert u(t)-(\sigma u^{(0)})(t)\Vert_{L^{2}(\Omega)}=O(t^{-\frac{3}{4}+\delta}),\forall\delta>0,$
as $tarrow\infty$ . Here, $u^{(0)}=u^{(0)}(x_{2}, t)$ is function given in Lemma 2.11; $\sigma=\sigma(x_{1}, t)$ isfunction
satisfying
$\partial_{t}\sigma-\kappa_{1}\partial_{x}^{2_{1}}\sigma+\kappa_{0}\partial_{x_{1}}\sigma+\omega_{0}\partial_{x_{1}}(\sigma^{2})=0, \sigma|_{t=0}=\int_{0}^{1}\phi_{0}(x_{1}, x_{2})dx_{2},$
with given constants $\kappa_{0},$ $\omega_{0}\in \mathbb{R},$ $\kappa_{1}>0.$
Funhemore, let $n\geq 3$ . There holds
$\Vert u(t)-(\sigma u^{(0)})(t)\Vert_{L^{2}(\Omega)}=O(t^{-\frac{n-1}{4}-\frac{1}{2}}\eta_{n}(t))$ ,
as $tarrow\infty$ . Here, $\sigma=\sigma(x’, t)$ isfu nction satisfying
$\partial_{t}\sigma-\kappa_{1}\partial_{x_{1}}^{2}\sigma-\kappa"\Delta"\sigma+\kappa_{0}\partial_{x_{1}}\sigma=0, \sigma|_{t=0}=\int_{0}^{1}\phi_{0}(x’, x_{n})dx_{n},$
with given constants $\kappa_{0}\in \mathbb{R},$ $\kappa_{1},$ $\kappa">0$; where $\triangle"=\partial_{x_{2}}^{2}+\cdots+\partial_{x_{n-1}}^{2}$; and $\eta_{n}(t)=\log(1+t)$
when $n=3$ and $\eta_{n}(t)=1$ when $n\geq 4.$
Remark 3.4 As we already mentioned in Section 2, constants $\kappa_{0},$ $\kappa_{1}$ and $\kappa"$ come from the
expansion (2.4) of $\lambda_{\xi’}$ , where $e^{\lambda_{\xi’}T}$ is eigenvalue of $\hat{U}_{\xi’}(T, 0)$ .
In the case $n=2$ parameter $\omega_{0}$ appears. It comes from the quadratic nonlinearities:
$- div(\phi w) , \frac{\nu\phi}{\gamma^{2}\rho_{p}^{2}}(-\partial_{x_{n}}^{2}w^{1}+\frac{\partial_{x_{n}}^{2}v_{p}^{1}}{\rho_{p}\gamma^{2}}\phi) , -\frac{1}{2\gamma^{4}\rho_{p}}\partial_{x_{n}}(P"(\rho_{p})\phi^{2})$.
It is given as
$\omega_{0}=\frac{1}{T}\int_{0}^{T}\int_{0}^{1}\phi^{(0)}(x’, x_{n})w^{(0),1}(x’, x_{n}, z)dx_{n}-\langle F_{1}(z), u^{*(1)}(z)\rangle_{\Omega}dz,$
where $u^{(0)}(t)=\tau(\phi^{(0)}, w^{(0),1}(t)e_{1})$ , properties of $u^{*(1)}(t)$ aoe specified in Lemma 2.10 and
$F_{1}=T(0, \frac{\phi^{(0)}(x_{n})}{\gamma^{2}\rho_{p}}\partial_{t}w^{(0),1}(x_{n}, t), \frac{1}{2\gamma^{4}\rho_{p}(x_{n})}\partial_{x_{n}}(P"(\rho_{p}(x_{2}))\{\phi^{(0)}(x_{n})\}^{2}))$ .
The proof of Theorem 3.3 is obtained by decomposing the solution $u(t)$ of $(1.13)-(1.16)$
into the $\mathbb{P}(t)$ -part and $(I-\mathbb{P}(t))$ -part. Considering the $\mathbb{P}(t)$ -part, we represent $\mathbb{P}(t)u(t)$ as in
(2.7) with $f(z)=F(z)$ . We then combine various estimates on $\mathbb{P}(t)$ and $\mathbb{P}(t)U(t, s)$ to obtain
the necessary estimates on $\mathbb{P}(t)u(t)$ . On the other hand, $(I-\mathbb{P}(t))u(t)$ can be estimated by a
variant ofMatsumura-Nishida energy method as in the case of the stationary parallel flow ([7]).
However, in contrast to [7], the linearized operator has time-dependent coefficients. Therefore a
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